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1. Introduction

Painlevé and his school [1-3] studied the certain
class of second order ordinary differential equations
(ODEs) and found fifty canonical equations whose so-
lutions have no movable critical points. This prop-
erty is known as the Painlevé property. Distinguished
among these fifty equations are six Painlevé equations,
Pl —PVI. The six Painlevé transcendents are regarded
as nonlinear special functions.

The fourth order equations of Painlevétype
@) (1.2

vy =F(zu.9.9",y").

where F' is polynomial in y and its derivatives, were
considered in [4—12]. Third order polynomial type
equations with Painlevé property were investigated
in [4-6,11,13]. Non-polynomial third order equa
tions of Painlevé type were studied in [14—16]. Some
of the fourth order non-polynomial equations possing
Painlevé property wereintroduced in [10, 17-21].

In this article, we consider the simplified equation
associated with the following fourth order differential
equation

N2, 11
' as W)y

y2
()? (1.2
y—3 + F(Z7 Y, Zl//» y//7 y///)7

+a3

(y//)Q
Y
+ aq

wherea;(j = 1,...,4) are constants not al zero. F
may contain the leading terms, but all the terms of F'
areof order e 3 or greater if welet z = (, + et, where

(o isaconstant, ¢ asmall parameter and ¢ the new inde-
pendent variable, and the coefficientsin F' are locally
analytic functions of z. The equation of type (1.2) can
be obtained by differentiating twice the leading terms
of the third (or fourth) Painlevé eguation and adding
the terms of order —5 or greater as z — z (i.e. inthe
neighborhood of the movablepole z ) with analytic co-
efficientsin z such that:

i) y = 0, co aretheonly singular values of equation
iny.

ii) The additional terms are of order ¢ ~* or greater,
if onelets z = ¢y + et.

If welet, z = (y + et and take the limit ase — 0,
(1.2) yields the following “reduced” equation:

) SN .. +\4
y y y Y

where * = d/dt. Substituting y = yo(t — to)® into
equation (1.3) gives

(a1 + a2 +az+ a4 — 1)a3
— (3ay + 2az + a3z — 6)a? (1.4)
+ (2a1 + a2 — 11)a+ 6 =0.

Depending on the coefficients of (1.4), we havethefol-
lowing three cases. In the case of single branch, let

a1+ as+as+ags—1=0,
3a1 + 2a2 + a3 — 6 =0,
2a1 + ag — 11 #£ 0,

(15)

0932-0784 / 05/ 0600-0387 $ 06.00 (C) 2005 Verlag der Zeitschrift fur Naturforschung, Tubingen - http://znaturforsch.com



388
and theroot of (1.4) bea = n € Z — {0}. Substituting
Y = yolt —to)* + B(t —to) ™,

into (1.3), we obtain the following equation for the
Fuchsindices:

r(r+ D){r* —[(a1

So, the Fuchsindicesarerg = —1, 7 = 0, rp and r3
such that

(1.6)

—4)n+T7r+6} =0. (L7)

ro+rs= (a1 —4)n+7andryrs =6. (1.8)

In order to have distinct indices, (1.8b) implies that
(re,7r3) = (1,6), (2,3), (—2,—3). From (1.4), (1.5),
and (1.8), one gets the following 3 cases for (a1, as,
as, as):

1. (a17 az, ag, a4) =

(1.9)
4,3—— —12+— 6—§)
n
2. (a ag,ag,a4)
2 10 6y (110
4—— 3- = —12+—, 6--).
n
3. (a1,02,a3,a4) =
18 6 (1.11)
(4—— 34—, 12 6——>
n n
In the case of double branch, let
+as+az+as—1=0,
a1 an as a4 (112)
3a; + 2az +az — 6 #£ 0,
and theroots of (1.4) be a; = n and a; = m such that

n # m,andn,m € Z — {0}. Then (1.4) implies that

6
3a1 +2a2 + a3 —6 = ———,
nm

1 1
11—2&1—&2:6<—+—).
n m

Similarly, substituting (1.6) into (1.3) givesthe follow-
ing equations for the Fuchsindices rj; (j = 1,2,i =
0,1,2,3):

(1.13)

7‘1(7‘1—1—1){7‘%—[(@ )n+7]r1+6—%}20,
ra(rs + 1){7"3— [(ap —4)m + Tjro +6 — 67m}207

(1.14)
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for a1 = nand as = m, respectively. Thereforer ;o =
—landr;; = 0(j = 1,2). In order to have distinct
indices, if rjor;3 = p;, then p; satisfy the following
Diophantine equation:
R (115)
P p2 6
Among the solutions of the Diophantine equation
(1.15), (p1,p2) = (3, —6), (4, —-12), (5, =30),
(8, 24) and (12, 12) are the only ones leading to dis-
tinct Fuchs indices (resonances).
When (p1, p2) = (3, —6), the distinct integer res-

onances for the first branch are (r12, m113) = (1, 3).
Then (1.14a) implies that
ri2 + 7113 =7+ (a1 +4)n =
n (1.16)
r12713 = 6 (1— —> = 3.
m
The equations (1.16) give
3
a; =4 — ) m = 2n, (2.17)

respectively. (1.14b) implies that, ro2 + 723 = 1 and
roora3 = —6, and hencethe distinct integer resonances
for the second branch are (192, r23) = (—2, 3). By us-
ing (1.12a) and (1.13), one obtains the following case:

3 3
4 (a17a27a37 a4) (4 573_5
11
15 3 9 3 (1.18)
1242 - 26— 2 4+ ),
n n n

with the resonances (r11, 712, ™13) = (0,1,3) and
(r21,7m22,723) = (0, -2,3).

Similarly, when (p1,p2) = (4,—12), the reso-
nances for the first and second branches, respectively,
are (ri1,7m12,713) = (0,1,4) and (ra1,722,723) =
(0, —3, 4) and we have the following case:

4
5. (a17a27a37 a4): (4__ 3——
" (119
M2 8 2
n n?’ n  n2/
When (py1,p2) = (5, —30), by using the similar pro-
cedure, one obtains the following case:
1 )
6. (a17a27a37a4>:<4_ﬁa3_ﬁ7
13 1 7 1 (1.20)

D I S S
+ n2’ n+n2’
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with the resonances (ri1,712,7m3) = (0,1,5) and
(7‘2177"2277"23) = (07 —57 6)

When (p1, p2) = (8, 24), distinct integer resonances
for the first branch are (r12,713) = (1,8), (2, 4), and
(—2,—4), but only the resonances (2,4) lead to dis-
tinct integer resonances for the second branch. Hence,
for this case the resonances are (ri1,712,713) =
(07 2,4), (7’2177"22,7"23) = (0,47 6), and

7. (0,170,2,0,3,044):(4—173—27
79 4™ 9™ (12D)
124+ -+ 5,6-=-—-=).
n n n n
For (p1, p2) = (12, 12), both branches have dis-
tinct integer resonances when the resonances for the
first branch are (r12,713) = (3,4). Then the coeffi-
cientsa;(j = 1,...,4) and the resonances are as fol-
lows:

8. (a1, az, as, as) =

6 6
70 7m):

(1.22)
(4, 3, 12+

(rj1,m52,758) = (0,3,4),j =1, 2.

In the case of three branches, i.e. a1 + as + a3 +
ag # 1, let theroots of (1.4) bea; = n, as = m
and a3 = [ such that oy # «j, @ # j, and n,m,l €
Z — {0}. Then (1.4) implies that

6
a1 +ay+as+as—1=——,
nml
1 1 l
11—2a1—a2=6<—+—+—>, (1.23)
P
6~ 301 — 203 — a3 = 6( — + — + —).
nl ml nm

Substituting (1.6) into (1.3), we obtain the following
equations for the Fuchs indices rj;(j = 1,2,3,4 =
0,1,2,3):
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for a; = n, as = m and az = [, respectively. There-
fore, the first two resonances for all three branches
ae rjo = —1 and Ti1 = O(] = 1,2,3). If we let
pj = Tjar;3, then (124) Imply that

s )01,
ol B0 1)
pesi- 1)),

and hence p; satisfy the following Diophantine equa-
tion:

(1.25)

(1.26)

Equation (1.26) implies that at least one of p ; is apos-
itiveinteger. Let p; > 0, since

(m —n)*(l —n)*(l —m)*

n2m2(2

p1paps = —6° , (1.27)
if welet po > 0, then p3 < 0. Among the solutions satis-
fying the conditions p1, p2 > 0, and p3 < 0 of the Dio-
phantine equation (1.26), (p1,p2,ps3) = (6, N,—N)
where N € Z, is the only one leading to distinct in-
teger resonances for al three branches. If we let

(m—n)(l—n){l —m)

A=6 : (1.28)
nml
then equations (1.25) give
An —pim+pil =0,
pan + Am — pal = 0, (1.29)
—p3n + psm + Al = 0,
and thus
A2 = —(p1p2 + pops + p1ps). (1.30)

Therefore, when (p1,p2,p3) = (6, N,—N), A = £N.
For A = N, (1.29) impliesthat n = 0 and m = I.
Similarly for A = —N,
_(6—=N)n

L TR
provided that N # 6, and (6 = N)n/12 are integers.
Since p; = 6, then the possible integer resonances
for the first branch are (r12,7m13) = (1, 6),(—2,—3)

I (6 +N)n

o (13D
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and (2, 3). When (ri2,713) = (1,6), there are no in-
teger resonances for the second and third branches.
Therefore, we have the following two subcases: When
(riz,m13) = (-2, —3), the (1.244) gives

ri2 + 7113 = (a1 —4)n +7=75. (1.32)
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Thus, a; = 4 — 12/n. Similarly, (1.24b) and (1.24c),
respectively, imply

ro2 + 13 =1+ N,
rs2+r33 =1—N,

roora3 = N, (1.33)
732733 — —N. '

Therefore, the resonances for the second and third branchesare (r 22, 723) = (1, N) and (r32, r33) = (1, —N),
providing that N # 1. The coefficients a», a3, and a4 can be determined from equations (1.23). Thus we have

the following case:

9. (a17a2,a3,a4) = (4 —
6N2 — 1080

E _ 216 + 18 N? _
n’ (36 — N2)n’
1728

1728
(36 — N2)n2’

1728
12 —
O

(1.34)

6
RN ETEE™

846
(36 — N2)n2 (36 — N2)n3 )

suchtha N € Z, — {1,6}, and n, (6£N)n are non-zero integers. It should be noted that, as N — oo this case

12
reduce to the third case given by (1.11).

When (r12,713) = (2, 3), by following the similar procedure we obtain the following case:

2 2k2 — 26 58 — 10k2 48
10. (a1,a2,a3,a4) = (4= =, 3+ 5, 12 - ’
(a1,az,a3,as) ( n + (1—k%)n + (1-k)n (1 -k?*)n?
(1.35)
6+6k2—30+ 48 24
A—F)n  0—)n  (1—k2)nd )’
(1+k)n

where k = N/6, k € Zy — {1,6} providing that n,

5—— are non-zero integers. It should be noted that, as

k — oo, this case reduces to the second case given by (1.10).

Moreover, asn — +oo, we havethefollowing case:
11. (ah as, as, CL4) = (4, 3, —12, 6) (136)

Thus, we have eleven cases, (1.9), (1.10), (1.11),
(1.18), (1.19), (1.20), (1.21), (1.22), (1.34), (1.35), and
(2.36), and al the corresponding eguations pass the
Painlevé test. Moreover, if one lets u = ¢/y, (1.3)
yields the following third order polynomial type equa-
tions:

U = (a1 — 4)uii + (ag — 3)u?
+ (3a1 + 2a3 + a3z — 6)uw
+ (a1 + a2+ a3+ aq — 1)u4.

(1.37)

For case 11, (1.37) yields © = 0, and for the cases 1—
10 (1.37) yields an equation of Painlevétypewith lead-
ingorder « = —1,and ug = n, i.e.u = n(t —to)~*
ast — tg. Theequationsin u obtained form (1.37) for
the cases 1-10 were examined in[4, 6,11, 13].

In the following sections, the “ simplified equations’
that retain only the leading terms as z — z( will be

considered for « = —4,—3, —2 and —1 with positive
distinct resonances, and some simplified equations for
a = —4,—3, —2 with negative resonances.

2. Leading Order aa = —2

(1.2) contains the leading terms for any o = n €
Z — {0} as z — =z, if we do not take into account
F'. In this section, we consider the case « = —2. By
adding the terms of order —6 or greater as z — zg, we
obtain the equation

/1,111 11\2 N2, 11
@ _ oYY (y") +a3(y)2y
Yy 4 Yy Yy
2.1
+ a4 (ZS) + biyy” + ba(y')? (22)

+ bsy® + Fi(y, vy y", ),

where b, (i = 1,2, 3) are constantsand £ containsthe
terms of order —5 or greater as z — z. We consider
the case of I}, = 0, i.e., the simplified equation for
a = —2.

Yy + a2
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Suppose that (1.9), (1.10), (1.11), (1.18), (1.19),
(1.20), (1.21), (1.22), (1.34), (1.35), and (1.36) hold,
and substitute y = yo(z — 20) "2 + B(z — 20)" 2
into (2.1) with £y = 0. Then we obtain the following
equationsfor the Fuchsindices r and y [22]:

Qr)=(r+ 1){7‘3 + (2a1 — 15)r2
—(20a1 + 12a2 + 4as + bryo — 86)r

2.2)
+2[48a; + 36as + 24as + 16a4
+(3b1 + 2b2)yo — 120]} = 0,
bsyZ + 2(3b1 + 2b
3Yp + 2(301 2)Y0 23)

+4(12a1 + 9as + 6as + 4as — 30) = 0,

(2.3) implies, that, in general, there are two branches
if bs # 0. Now, we determine yo;(j = 1,2) and b;
for each case of (a1, as, as, as) suchthat onebranchis
the principal branch, i.e., al theresonancesare positive
distinct integers (except ro = —1). If r¢ = —1 and
rj: (i =1,2,3) then (2.2) implies that

E T =
E T4iTjk = —

i k=1
i 24

+ blij - 86)7 ( )
H i =

2@1 - 15)

(20a1 + 12a2 + 4as

2[48ay + 36az2 + 24a3 + 16a4

(3b1 + 2b2)y0j - 120]7 ] = 172

providing that the right hand sides of (2.4) are positive
integers for at least one of ;. According to the num-
ber of branches, the following cases should be consid-
ered separately:

Casel. b3 = 0: In this case, there is one branch.
(a17a27a37a4) = (4’ 3 - g! _12 + %1 6 - %)1
(2.4) gives

24
Zrl =7, Z rir; = 18 + — —b1y07
k- (2.5)

Hrl—12+—

In order to have a principal branch, »n takes the values
of £1, +2, 43, +4, £6, £8, +12, +£24. Among these
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values of n, only for n = —6, —2 there exists a princi-
pal branch with the resonances (r1,r2,73) = (1,2,4)
and (0, 1, 6), respectively. Then, b, and b, can be de-
termined from equations (2.5b) and (2.3), respectively.
For n = —2, (b1,b2,b3) = (0,0,0) that is, no addi-
tional leading term. For n = —6, we have the follow-
ing simplified equation:;

1,011

1\2 N2,
O — 4YY +4(y ) _14(y)2y
Y Yy
W) s (29
+ 7 7 +2(y')”.

(2.6) does not pass the Painlevé test since the compat-
ibility condition at 7o = 2 is not satisfied identically.
When o = —2, in the case of the single branch for all
cases (1.9), (1.10), (1.11), (1.18), (1.19), (1.20), (1.21),
(1.22), (1.34), (1.35) and (1.36) there are no additional
leading terms and the simplified equationsare the same
as the reduced equations (1.3) for n = —2.

Casell. b3 # 0:1f yo; (j = 1,2; yo1 # yo2), @€
therootsof (2.3), and (11, rj2, rj3) arethe resonances
corresponding to y;, then let

3
H yO]

where
P(yoj)=

= Pj, .7: 1a27 (27)

2[120 — 48a; — 36as — 24a3

2.8
— 16a4 — (3b1 + 2b2)yo;], 5 = 1,2 28)

andp; € Z — {0}. In order to have a principal branch,
a least one of the p; should be a positive integer.
(2.3) gives

by = —

1 1
, 3by +2by = q(— + —) (2.9)
yoﬂ/oz Yo Yo2

whereq = 60 — 24a; — 18as — 12a3 — 8a4. Then (2.8)
can be written as

Y
pj:2q<l yz;) i k=1,2j 4k (2.10)

If pip2 # 0 and g # 0, then p; satisfy the following
simple hyperbolic type of Diophantine equation:

1.1 i (2.11)
P p2 2q
The general solution of (2.11) isgiven as

2
p1=2q—d;, p2=2q (1 - d_q) , (212

7
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where {d;} is the set of divisors of 4¢2. For each
case (1.9), (1.10), (1.112), (1.18), (1.19), (1.20), (1.21),
(1.22), (1.34), (1.35) and (1.36), from (2.4a) one can
find the possible resonances of the principal branch,
then p, can be obtained from the Diophantine equa
tion (2.11). Once p- is known, possible resonances
for the second branch satisfying the conditions (2.10)
and (2.4c) can be determined. Then the coefficients b
and bo, b3 of the additional leading terms can be deter-
mined by using (2.4c) and (2.9), respectively.

For the double branch case, we have only thefollow-
ing eguations which have the additional leading terms:

For case 4, (1.18):

1,01

vy
y(4) — + 7@/3/” . 3y3’
Yo1 = 2, Yoz = 12, (r11,712,713) = (2,5,6), (213
(ro1,722,723) = (—5,6,12),
y(4) _ 3y/y/// N 2(y//)2 - 2 (y/)gy/,
b L)
10 (y 5 5
4+ = +8yy”— y/ — 6y®,
3y ) (2.14)
yo1 = 2/3, yo2 = 20/3,
(r11,7m12,7m13) = (2,3,4),
(ro1,722,723) = (—5,6,8).
For case 5, (1.19):
@ _ Sy/y/// (y//)z 11 (y/)2y//
y@W = + -5
W s
5 Y Z 1AW 3
+ o by — S (y)? - 24,
R vy =57 -2y (2.15)
Yo1 = 2, Yoz = 8,
(r11,712,713) = (2,3,4),
(ro1,ro2,m23) = (—3,4,8).
For case 6, (1.20):
101 1\ 2
y@ = 3%y _ 2(1/ ) + 24yy"
Y Yy
—18(y")? — 24¢°,
(2.16)

yo1 =1, yoz2 = 2,

(r11,712,713) = (2,3,4),

(ro1,792,723) = (—2,3,8).
For case 8, (1.22);

1,11

11\2
vy a7 93

Y
45 (y)*

5
= Syy’’ — = N2 _ gq3
tg s T 5(W)" — 4y,

y® =14
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yor = 1/2, yo2 = 9/2,

(r11,7m12,7m13) = (1,2,4),

(ro1,792,723) = (—3,4,0).
For case 10, (1.35):

(2.17)

(2.18)

<
Sl\)
|
—
—
=
.,
=
3
.,
[ V)
5
.
w
~—
Il
~—~
™
w
=)
N/

yo1 =1, yo2 =4,
(r11,712,713) = (1,2,6),
(r21,722,723) = (—2,3,8),
0SS (T, 8
2y 21—k
29 15 N\ (v)*y
-(T+ip)
5

) =
) =

2,1
1— k2 Y2
(5 )
- Y (2.20)
+ (/452 +11)yy”
—15(y")* +6(1 — k)y°,
yor = —1/(1 — k%), yoo = —Kk*/(1 — k?),
(ri1,7m12,7m13) = (1,2, 3),
(ro1,792,723) = (6,k, —k), k # 1,6.
For all the other cases, the simplified equations are

the same as the reduced equations (1.3) with the coef-
ficientsforn = —2.

3. Leading Order a = —1

«a = —1 isaso apossible leading order of (1.2) if
F = 0. By adding terms of order —5, we obtain the
simplified equation with the leading order o« = —1

y@ Z ay vy o (y")? 4 ag (y’)zy”
AV 4 4 \3
+ ay (1;?? +ayy” +eay'y’ + 03% 33
+eay®y" + esy(y')? + coy’y’ + eny®
whereci, (k=1,...,7) are constants.
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Suppose that (1.9), (1.10), (1.11), (1.18), (1.19),
(1.20), (1.21), (1.22), (1.34), (1.35), and (1.36) hold.
If we substitute y = yo(z — 20)71 + B(z — 20)" ¢
into (3.1), then we obtain the following equations for
the Fuchs indices r and yo:

Q(r) = (r+1D{r® + (a1 — cryo — 11)7?
— [7ay +4a2—|—a3—(761+62)y0+04y(2)—46]7“

+ 24a;1 + 16as + 8asg + 4a4 — 96 3.2
— 3(661 + 2¢0 + Cg)yo
+2(2¢4 + ¢5)yp — cypt = 0,

crys — ce¥p + (5 + 2¢4)ys

—(c3 + 2dy + 6¢1)yo (3.3)

+6a1 + 4as + 2a3 + a4 — 24 = 0.

(3.3) implies, that, in general, there are four branches
if ¢z # 0. Now, we determine yo;(j = 1,...,4),
and ¢y, for each case of (a1, as,as, as) such that one
branch is the principal branch. If ro = —1 and rj;
(j=1,...,4,i=1,2,3) then (3.2) impliesthat

3
Zm‘ =11 — a1 + c1yo,
i=1

3

Z 5Tk = 46 — 7&1 — 4@2 —as
ik=1

i#k

+ (Ter + e2)yo — caye,

, (3.4)

[17si =96 — 2401 — 1602 — 8a5 — 4as

i=1
+ 3(6¢1 + 2¢2 + ¢3)yo

—2(2¢4 + 05)y8 + CGyS’,
j=1,...,4.

According to number of branches, the following cases
should be considered separately:

Casel. ¢4 = ¢5 = ¢g = ¢y = 0: In this case,
there is one branch. From (3.4c) one can find the
possible resonances of the single principa branch for
each case (1.9), (1.10), (1.11), (1.18), (1.19), (1.20),
(1.21), (1.22), (1.34), (1.35), and (1.36). Then the co-
efficients ¢y, ¢2, and c3 can be determined by using the
equations (3.3), (3.4a) and (3.4b). For the cases (1.9),
(1.10), (2.112), (1.18), (1.19), (1.20), (1.21), and (1.22),
and for al possible values of n, there is no smpli-
fied equation which passes the Painlevé test. Hence,
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for these cases the simplified equations are the same
as the reduced equations (1.3) with the coefficients for
n = —1. For the cases (1.34) and (1.35), the right
hand side of (3.4c) depends on N and k, respectively.
When (1.34) holdsfor n = 1, £2, £3, +4, £6, +12,
and when (1.35) holds for n = 1, +2, the simpli-
fied equations do not pass the Painlevé test. Hence,
for these cases and for these particular values of n, the
simplified equations are the same as the reduced equa-
tion (1.3) with the coefficients for n = —1. For the
case (1.36), we obtain the following simplified equa-
tion:
) _ 4:y/y/// N 3(@///)2 1
v, Y Y
+ 6(“;—3 —yy",

()"
2

y“
(3.5)

Yo1 = ]-7 (7"1,7"27’1"3) = (17273)

Casell. ¢g = ¢y = 0: Inthis case, there are two
branches. If yo;(j = 1,2; yo1 # yo2) are the roots
of (3.3), and (r;1(r;2,rj3) are the resonances corre-
sponding to yo;, then let

3
H?“ji = P(yoj) =pj, 7 =1,2, (3.6)
i=1
where
P(yo;) = —[24a1 + 16a2 + 8az + 4as — 96
—3(6c1 + 2¢2 + 03)y0j (3.7)

+ 2(264 + 65)y8j]’ .7 = 17 2a

andp; € Z — {0}. In order to have a principal branch,
a least one of the p; should be a positive integer.
(3.3) gives

S

Cc5 + 2¢c4 = — ,
Yo1Yo2
1 1 (3.8)
€3+ 2ca+c1 = —s(——i——)7
Yo1  Yo2
where
s =24 — 6ay — 4as — 2a3 — ay. (3.9

Then (3.7) can be written as

o AN .
pi=s(1-22) Gk=12j#k (@310
If [Ip; # 0and s # 0, then p; satisfy the following
simple hyperbolic type of Diophantine equation
1 + 1 = E . (3.12)
p1 P2 S
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The genera solution of (2.11) isgiven as

s
p1 = s —dj, pzzs(l—d—)’

(312
where {d;} is the set of divisors of s2. For each
case (1.9), (1.10), (1.112), (1.18), (1.19), (1.20), (1.21),
(1.22), (1.34), (1.35), and (1.36), from (3.4a) one can
find the possible resonances of the principal branch,
consequently p1, then p, can be obtained from the Dio-
phantine equation (3.11). Once p» is known, possible
resonances for the second branch satisfying the con-
ditions (3.4) can be determined. Then the coefficients
¢y, of the additional leading terms can be determined
by using (3.4) and (3.8). One should consider the cases
c1 = 0and ¢y # 0 separately.

Ila. ¢; = 0: For this case, we have the following
equations which admit additional leading terms:

For case 2, (1.10):

)"
2 2

1, 011 1\2
y(4):2yy +(2/) _
Y Y Y
+4 vy + ()],
y%] = 17 (7".7‘1,7"]‘277’33) = (27374)7 ] = 172

(3.13)

For case 3, (1.11):

y 2y y
13 N4 N3
+_(y3) _5[y/y,/_ (v') }
2y Yy

> (3.14)

' — =)

tyy -

yo1 = 1, yo2 = —11,
(r11,712,713) = (1,2,3),
(7‘21,7“22,7‘23) = (—2; =3, 11)~

For all the other cases, the simplified equations are
the same as the reduced equations (1.3) with the coef-
ficientsfor n = —1.

[Ib.c; # 0: Whenn = 1, we obtain the following
equations which admit the additional leading terms:
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For case 1, (1.9):

1,01

\2
y(4) _ 4y y S(y ) yy"

Y Y
(y/)g N2
—6[2y’y”—2— +y(y ]
W) (3.15)
yo1 = 1, yo2 = 2,
(r11,7m12,713) = (1,2,3),
(7‘21,7“22,7“23) = (_2a 1;6)~
For case 2, (1.10):
1,011 1\2 N2,
O W) L, )2y
Y Y Y
_ 3yy/// -9 [y2y// =+ y(y/)z] \
(3.16)

yo1 =1, yo2 = 2,
(r11,7m12,713) = (1,2, 3),
(7‘21,7“22,7“23) = (—2,2;3)~
For all the other cases, the simplified equations are the

same as the reduced equations (1.3) with the coeffi-
cientsforn = —1.

Case Ill. ¢; = 0: In this case, there are three
branches. If yo; (7 = 1,2,3; yo; # Yok, j # k), are
therootsof (3.3), and (11, rj2, rj3) arethe resonances
corresponding to y;, then let

3
H’I‘ji = P(yoj) = pj7 ] = 172,37 (317)
i=1

where

Plyo;) = ~[24a1 + 1605 + Sag + das
—96 — 3(6c1 + 2c2 + c3)yo;
(6c1 e ;”)yo-’ (3.18)
+ 2(2¢4 + ¢5)Y0; — C6Yosls
j=1,2,3,

andp; € Z — {0}. In order to have a principal branch,
at least one of the p; should be a positive integer. (3.3)
gives

3 1 3 1 3
o =—s]] — es+2ca=—s]] —(Zyoj%
j=1 yOJ j=1 yO] Jj=1

3 3
1
c3+2co+6c; = —s H —( Z ijyok)» (3.19)

j=1 Y05\ o
o
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where s isgivenin (3.9). Then (3.18) can be written as

pJ—3H< ya;) j=1,...,4.
k¢7

(3.20)
Yok

If [Ip; # 0and s # 0, then p; satisfy the following
Diophantine equation:

1 1
Yo —=- (3.2)
=i b o
One should consider thecases¢; = 0 and¢; # 0

separately.

lla. ¢; = 0: For each case (1.9), (1.10), (1.11),
(1.18), (1.19), (1.20), (1.21), (1.22), (1.34), (1.35), and
(2.36), from (3.4a) one can find the possibl e resonances
of the principal branch, consequently p 1, then the Dio-
phantine equation (3.21) can be reduced to the fol-
lowing simple hyperbalic type which can be solved in
closed form:

1 1 k
— == (3.22)
P2 p3 ko

wherek; = p; — s and k; = sp;. The genera solution

of (3.22) isgivenas

ko +d;
ko

ka(ke + d;)
k1d; ’

p2 = p3 = (323
where {d;} is the set of divisors of k3. For the cases
(1.10), (1.11), (1.18), (1.19), (1.20), (1.21), and (1.36),
and for all n # —1 there is no simplified equation
which passes the Painlevé test. For the cases (1.9),
(1.22), (1.34) and (1.35) when n = 1, +2, +3, n2 =
4,9, n = 1, £2, £3, £4, £6, £12, N = 2,3 and
n=1,2 -2,k =2,3,4,respectively, thereisno sim-
plified equation which passes the Painlevé test.

[11b. ¢; # 0: Equation (3.20) impliesthat

3 (Yor — y02)?(Yo2 — ¥03)* (Y03 — yo1)?
y(Q)ly(zJ2y(2)3

Hpa =
(3.24)

Hence, if s > 0, let p; > 0thenps > 0, p3 < 0, and if
s < 0,letp; > 0thenps, ps < 0. For s > 0, suppose
that p; < po, then from (3.21) one obtains p; < 2s.
Similarly, for s < 0, one obtains p; < s. Since for
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bothcasess > 0 and s < 0, p; > 0 and bounded
by 2s and s from above, respectively, the Diophantine
equation (3.21) can be reduced to a ssimple hyperbolic
type in p2 and ps which has the closed form solution
given by (3.23). Once p, and ps are known, the possi-
ble resonances for the second and third branches satis-
fying the conditions (3.4) can be determined. Then the
coefficients ¢, of the additional leading terms can be
determined by using (3.4) and (3.19).

Forn = 2 (for case 9, (1.34): n = 2, N = 18,24,
and for case 10, (1.35): n = 2, k = 3,4), we have the
following simplified equations which admit the addi-
tional leading terms:

For case 4, (1.18):

y 2 Y + 2 Y 4 y?
9 (yl)4 " 3 ! 3 (y/)S
T WY -
—gy vy + (') ]+iy Y
- S0y (3.25)
Yor = —5/2, yo2 = —25/2, yo3 = —15/2,
(r1,7m12,713) = (1,2,3),
(r21,722,723) = (—5,-2,3),
(r31,732,733) = (—3,1,3).
For case 5, (1.19):
@ _ y/y/// (y//)Q 11( )2 1"
y =3 + 2
Yy Yy 2y
5 (y/)4 " 3 /1 5 (y/)S
tgr !y - 1
1L y [Byy” +5y)*] + Ly
Yo1 = —2, Yoz = —14, yoz = —6,
(r11,7m12,713) = (1,2,3),
(r21,722,723) = (—=7,-3,4),
(r31,732,733) = (—3,1,4).
For case 6, (1.20):
yo = 1YY" LW 23 ()
2y 2y 4 2
+ E(y/)4 Y /// 13y / " E(y/)g
4 o3 6 vy

1 " 11 N2
UL +3(y) 5
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Yo1 = —3/2, yo2 = —39/2, yo3 = —9/2, c1 =0, (3.3) gives
(r11,712,713) = (1,2,3), (327)

(r21,722,723) = (—13,-5,6), =—5 I | — = —s | I ( g )
= s = Y s
¢ ij 07

(rs1,732,733) = (—3,1,5).
For case 7, (1.21):

4
cs +2c4 = —s H o ( Z yoﬂ/ok)» (3.32)
j=1 7%

SO =TV LW WY T ) s
- +2 —8E L
2y y y 2y 4
1(y)? 2 2 €3+ 2c = —s < yO,’yOkyOl)»
oy — - =Sy () 2y H 1 Yoj ng !
3 Yy 9 3 JEk#L

yor = —3/2, yo2 = 15/2, yo3 = —9/2, (3.28)

(rin,r12,m13) = (1,2,3),

(r21,722,723) = (4,5,6), - e
(rs1,732,733) = (—3,2,4). —SH yOk j=1,...,4. (3.

k#a

where s isgivenin (3.9). Then (3.31) can be written as

For case 8, (1.22):
-2 If [Ip; # 0and s # 0, then p; satisfy the following

= 4y/y/// N 3@//)2 21 (y)2y" Diophantine equation:

Y Y 2y “

9 y/ 4 3 y/ 3 2 .

+ § " N2 _ § 3,/
Y vy + () ] 5Y°Y (329) Ifweletp; = p, and p3 = pa, then (3.34) can bere-
duced to a simple hyperbolic type of the Diophantine

Yyor = —1, yo2 =1, yo3 = =3, equation which admits the closed form solution (3.12).
(7"11,’/‘12,7‘13) = (1,273), When pP1 = P2 and P3 = P4, such that p1 > 0, for
(a1, 723, 723) = (1,3,4), each case (1.9), (1.10), (1.11), (1.18), (1.19), (1.20),
(ra1. 7o 7o) = (—3.3.4). (1.21), (1.22), (1.34), (1.35) and (1.36), from (3.43)

one can find the possible resonances for the branches

) satisfying the conditions (3.4). Then the coefficientsc,
Case IV. ¢7 # 00 In this case, there are four (; —'9 " 7) of the additional leading terms can be

branches. If yo; (j = 1,...,4; yo; # Yok, J # k) &€ determined by using (3.4) and (3.32).

therootsof (3.3), and (11, 752, 73 ) aré theresonances For this particular case, we have the following equa-

corresponding to yo;, then let tions which admit additional leading terms:
For case 5, (1.19):
H Tji = P yOJ =Pj, ] = =1,...,4, (330) 1,001 1\2
vy Y
yW =22 ) W sy s a2 =2,
where Yo2 = —Yo1, Yoz = 8, Yoa = —Yo3, (3.35)
P(yo;) = —[24a1 + 16as + Sas + 4as (rj1,rj2,m58) = (2,3,4), j = 1,2,
—96 — 3(6¢1 + 2¢2 + ¢3)0; (3.31) (rj1,7j2,753) = (=3,4,8), j = 3,4.
+2(2¢4 + 05)3/3]’ - 063/37]7 J=1....4, For case 7, (1.21):
andp; € Z — {0}. In order to have a principal branch, Iy 2 N2y
Dj {o} princip y@ = 3vY +(y) _S(CU)CU 241" _ 945,

at least one of the p; should be a positive integer. When y y 2 +5y7y
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Yor =1, Yo2 = —Yo1, Yo = 4, Yoa = —Yos,

(learj27rj3) = (1a374)a ] = 172a (336)
(rjlarj27rj3) = (_274a6)7 .] = 374
For case 8, (1.22):
1,001 2 21 (v )24
@ — 4YY +3(y ) __(y)2y
Yy Yy 2y
9(y)* 5
_|__(y?? _|__y2y//__ 5’
28 2 2 (3.37)
Yor =1, yo2 = —Yo1, Yoz = 9: Yoa = —Yo3,
(rj177nj277nj3) = (17274)7 ] = 1727
(leaerarjf’)) = (_374a6)7 ] = 374
If oneletsy = 1/u, then (3.37) gives
1,111 11\2 N2,/
ORI +3(u ) _22_1(u) u
9 (u/)4 u'! (u/;; 2 (3.38)
= -1 =
+2u3 +5u3 0u3 +u3

The canonical form (equation also contains the terms
of order —4 or greater as z — z) of (3.38) was also
givenin[18, 20].

For case 10, (1.35):

i 11\2 N2,
S = oYY +2(y N )2y
Y Yy Yy
+6y%y" — 2y(y')* — 2¢°, 235

y%l = 17y02 - —CUOI;?JS:), = 4ay04 = —Yo03, ( ) )

(r.7177nj277nj3) = (17276)7 ] = 1727

(rj1,752,758) = (=2,3,8), j = 3,4.

1. 111 11\2 N2, .1
@ oYY +2(y P )2y
Y 5y 1y
+3y%y" + SuW)” - 5o,

, 5 (3.40)
Yo1 = 1, Y02 = —Yo1, Y3 = 16, Y04 = —Yo3,
(leaerarjf’)) = (1a375)a ] = 1a27
(1j1,752,753) = (=5,6,8), j = 3,4.

y/y/// 3 y// 2 y/ 2y//
Y@ =2 +§( S LW
Y Yy Yy
2.1 5 N2 5 5
+ 597y +§y(y) —5Y
(3.41)

o1 = 1, %02 = —¥01, Y03 = 4, Yoa = —Yos,
(rj177nj277nj3) = (17375)7 ] = 1727
(leaerarjf’)) = (_2a576)’ ] = 3a4
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The canonical form of (3.41) was givenin [18—21].

7 11\2 17 N2, 11
+_(y) __(y)2y

1,01

(4) _ oYY

Yy =3
Y 2y 2y
27 (y)*

TRt 5y%y" + g[y(y’)2 -],
y%l =1/2, yo2 = —yo1, (342
Yos = 9/2, Yos = —Yo3,
(rj1, 72, m53) = (1,2,5), j = 1,2,
(rj1,152,758) = (—3,5,6), j = 3,4.
1,011 2 11\2
s —5¥Y 4(14_ :‘2 ) (yy)
53 — 17k2 (y')%y"
1—k2 y2
9(4 — k2) (y/)4 + (/412 + 11)y2y//
1=k 42 (3.43)

+ (K = 19)y(y')* + 3(1 — k*)y°,

yo1 = 1/(K* = 1), yo2 = —yo1,
Yoz = K2/ (k* = 1), yoa = —yos,
(rj1,miz,r8) = (1,2,3), j=1,2,
(le,’l"jg,’l"j?,) = (G,k, —k)7 ] = 374.
When £ = 2, (3.434d) is nothing but the simplified
equation
/1,017

Yy y')?
y(4) _ 57 _5[(y2) —V2y2 y"

—50%y(y)? — vy + 2y + 1.

(3.44)

(3.44) was given in [17], and there exists Backlund
transformation between (3.44) and

oW = —500" 4 502" 4 5u(v')?

3.45
— St 24 (v+1), (349

which was first given in the work of Hone [12], stud-
ied in [23,24] and also proposed as defining a new
transcendent [6, 9]. Moreover (3.45) can be obtained as
the similarity reduction of the modified Sawada-Kotera
(mSK) equation [12].

When k = 3, (3.43a) givesthe simplified equation

1011 1\2 7\2
4 _rYY §(y) _%(y) _522 7
Y g Yy +2 Y {2 y2 2" Y +ﬂ]y
45 (y')* 5949 3 (v')? (3.46)
+ 8 ¢’ [4V 4 2ﬂ] Y

3 1
— §y4y5 + §ﬂy2y3 + zy + 2¢, € = £1.
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Equation (3.46) was introduced in [17], and there ex-
ists Backlund transformation between (3.46) and the
second member of the generalized second Painlevé
equation, Pr; [6,9,21]

v® = 100%0" 4+ 100(v")? — 60°

— B —203) + 20 +v. (347

(3.47) can be obtained as the similarity reduction of the
fifth order modified Korteweg-de Vries (mKdV) equa-
tion [12]. Moreover, when k = 3, if oneletsy = 1/u
then (3.43a) givesthe simplified equation

1,111 11\2 N2,/ N4
y _guu” T 17 (W) 2T ()
b 3 + 2 wu 2 wu? 8 wi
5§ 1,6 150
— (=) a (G )W) G
Bs 352

—2vu? + 202U — — + .
vu” + 2azu u+2u3

Equation (3.48) was considered in [20]. When k& = 7,
(3.43a) gives the simplified equation

1,01

AVA N2
) _pyy” )7 165 () _?22} y
Y Y +4 Y 4 2 R
135 (y)* | 5 1,5 (349
T ks GO T

+ zy — 2.

Equation (3.49) was introduced in [17], and there
exists Backlund transformation between (3.49) and
(3.45)withv =0 — (3/2).

For all the other cases, the simplified equations are
the same as the reduced equations (1.3) with the coef-
ficientsforn = —1.

4. Leading Order @ = —4,—-3

a = —4,-3 are aso a possible leading order
of (L.2) if F = 0. For « = —4, by adding terms of
order —8, we obtain the simplified equation

11\2 N2, 11
(y") 4 as (y )2y

Y Y

1,01

yY + a2

y(4) =a

(') ’ 4.1
+ aq 3 + d@/‘)»
Y

where d is a constant.
Suppose that (1.9), (1.10), (1.11), (1.18), (1.19),
(1.20), (1.21), (1.22), (1.34), (1.35) and (1.36) hold,
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and substitute y = yo(z — 20)™* + B(z — 20)"*
into (4.1). Then we obtain the following equations for
the Fuchsindicesr and y, [22]:

Q(r) = (r+ 1)[r® + (4a; — 23)r?
—2(32a1 + 20a2 + 8az — 101)r (4.2
+4[120a; 4+ 100a2+80as+64a,—210] =0,

dyo+4(120a1+100a3+80as3+64a,—210) = 0. (4.3)

(4.3) implies, that there is only one branch. Now, we
determine yo and d for each case of (a1, as,as,as)
such that the branchisthe principal branch. If ry = —1
andr;,i = 1,2, 3 then (4.2) implies that

-

r, = —(4&1 - 23)7

S rirj = ~2(32a; + 2005 + 8az — 101),  (4.4)

3
[ i =—4(120a1+100a5+80a3+64as—210)=dypo,
=1

providing that the right hand sides of (4.4) are positive
integers.

We have the following equations which have the ad-
ditional leading terms:

For case 7, (1.21):

7y/y/// y// 2 y/ 2y// 7 y/ 4
y(4):§ Y +2( y) —8( ;2 +§(y?? +24y2:
yo=1, (r1,r2,73) = (2,3,4). (4.5)
For case 10, (1.35):
2 2
@ = N n 9" 29(y)7y"
y 4y 4y
49 (y')* 2 (4.6)
+ E y3 +36y 5

yo =1, (r1,7r2,73) = (2,3,6).

For al the other cases, d = 0 and the simplified
equations are the same as the reduced equations (1.3)
with the coefficients (a1, as, a3, as), forn = —4.

For o = —3, the simplified equationis

1,11 11\2 N2,/
3/(4) zalyz —|—a2(y ) +a3(y;2y
()? 4.7)
+ aq

R fyy',
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where f isaconstant. Substituting y = yo(z —20) > +
B(z — z9)"~3 into (4.7) gives the following equations
for the Fuchsindices r and y:

Q(r) = (r +1)[r* + (3a; — 19)r?
—3(13a1 + 8ag + 3az — 46)r (4.8)
+ 9[20a; + 16ag2 + 12a3 + 9a4 — 40] = 0,

fyo—3(20a; 4 16a2 +12a3+9as —40) = 0. (4.9)

(4.9) implies, that there is only one branch. By fol-
lowing the same procedure, only for case 10, (1.35)
we obtain the following equation which has the princi-
pal branch and admits the additional leading term (i. e.

f#0):

@ _ 10yy” n 8(y")*  82(y)%y”
3y 3y 9
112 (y ) (4.10)
27
yo=—1, (r1,ra,73) =(2,3,4).

For al the other cases, f = 0 and the simplified
equations are the same as the reduced equations (1.3)
with the coefficients (a1, a2, as, aq), forn = —3.

5. Negative Resonances

In the previous sections, we considered the case of
existence of at least one principal branch and obtained
the simplified equations. In this section, we present
some of the simplified equations which admit the neg-
ative resonances. For the leading order o = —4, and
for case 7, (1.21), case 8, (1.22), case 9, (1.34) and
case 10, (1.35), we obtain the following simplified
equations:

1,011 2,1

@ gy W) _17(1/)2@/ [( )4_y2}7

Y Y Y
Yo = 21, (Tl,’l“g,’l“g) ( 7 4 6) (51)
1,011 11\2 2,11 4
@) _4Y¥Y 3(2/) 21( )y Q(y) A2
Y y Ty 2 g
yo = 18, (r1,72,73) = (—3,4,6), (5.2

1,011

@ _g¥y" W) )2y”,24[( y)* yz]’
y y y?

Y

Yo = 1, (’/‘1,’/‘2,’/‘3) = (—2, —3, —4). (53)
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@ _g¥y" T 1Ty 27 (y’)4_8yz
y 2y 2 gy 8 3 ’

Yo = 18, (7‘1,7‘2,7‘3) = (—376,8). (54)

The canonical forms of equations (5.2) and (5.4)
are also given in [20]. If one lets u = 1/y, (5.3)
givesu(®) = 24.

For theleading order o = —3, and for case 4, (1.18),
and case 10, (1.35), we obtain the following simplified
equations:

1,011

N2,
y(4):7yy
Y

W a0 )2y
y

N4
+18 (ZQ —6yy’,

(—3,-2,3). (5.5)

Yo =1, (ri,ra,m3) =

( ) 2y/y/// +4(y//)2
Yy Yy

Yo = 20, (r1,72,73) =

N2, 11
— 2(y:32y +6yyl,

Y

(—5,6,12). (5.6)

For the leading order « = —2, single branch, i.e.
bs = 0, case 2, (1.10), and case 7, (1.21), lead to the
following simplified equations:

/1,11 11\ 2 N2,/ N4
6y PO )21/ :12(‘7’3? oy
Yy Yy Yy Y

yozl, (7"177"2,7“3)2(—2,273). (57)
1,01 11\2 N2, 1 \4
0y _ Yy (y") (y)%y (y')
y =5 +5 J —17 " +38 7
—2[yy" + (v')*],
Yo = 17 (7"177"2,7"3) — (_2,275) (58)
6. Conclusion

In conclusion, we introduced the simplified equa
tions of non-polynomial fourth order equations with
the leading orders o« = —4, —3, —2, —1, such that all
of which pass the Painlevé test. Moreover the com-
patibility conditions corresponding the parametric ze-
ros; that is, the compatibility conditions at the reso-
nances of the equations obtained by the transformation
y = 1/u are identically satisfied. The corresponding
simplified equation to (1.2) can be obtained by differ-
entiating twice the leading terms of thethird (or fourth)
Painlevé equation and adding the terms of order —5
or greater as z — zg with constant coefficients such
that, y = 0, oo arethe only singular values of equation
in y, and they are of order e ~* or greater, if one lets
z = (o + €et. Hence, these equations can be considered
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as the generalization of the third (or fourth) Painlevé

equation.
In the second, third and fourth sections, we inves-
tigated the cases of leading order @ = —2,—1 and

a = —4, -3, respectively, with the condition of the
existence of at least one principal branch. But, in the
case of more than one branch, the compatibility con-
ditions at the positive resonances for the second, third
and fourth branches are identically satisfied for each
case. For the case of @« = —4,—3, —2 the simplified
equationsare examined without any restriction. For the
caseof a« = —1, ¢; = 0, and single and double branch
cases were examined without any additional condition.
All the other subcases of the case « = —1 were in-
vestigated for some particular values of n. Some of
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